The three-state Majorana model in the presence of dissipation is considered. Different models of system-environment interaction are explored, ranging from situation where dissipation is the main effect to regimes where dephasing is mainly produced. It is shown that the detrimental effects of the noise are stronger in the presence of dissipation than in the presence of dephasing. The role of temperature is also discussed.
I. INTRODUCTION
Analytical resolution of Schrödinger problems with non static Hamiltonians are rare and restricted to specific situations [1] [2] [3] [4] [5] [6] . The Landau-Zener-Majorana-Stueckelberg (LZMS) model [7] [8] [9] [10] , introduced in 1932 independently by four scientists, is a noteworthy and very famous timedependent model allowing an explicit calculation of the propagator from t = −∞ to t = +∞. The Majorana's formulation of the problem is more general than the formulations of the other three authors, since it involves a multi-state system instead of a two-state one. The twostate version of the problem has been extensively studied relaxing several assumptions of the original formulation, hence considering non linear time-dependence of the bare energies [13] or a finite duration of the expertiment [14, 15] . Unusual extensions involving nonlinear equations [16, 17] or non-Hermitian Hamiltonians [18] have also been analyzed. In some studies, the original LZMS model characterized by an avoided crossing has been replaced by the hidden crossing model [19, 20] , where neither the bare nor the dressed energies cross, or by the total crossing model [21] , where both the bare and the dressed energies cross. Also variants of the multistate LZMS have been studied, by considering two degenerate crossing levels [22] or many levels which cross according to different schemes: the Demkov-Osherov (or equal-slope) model [23] , which consists in a sequence of binary crossings that can be treated with the Independent Crossing Approximation [24] , or the bowtie model [25] [26] [27] , where a proper multi-level crossing of the bare energies occur. Other specific situations involving precise numbers of states with specific coupling schemes have been introduced and solved [28] [29] [30] [31] . Multilevel LZMS transitions are present in many physical scenarios, including very important spin-boson systems described by the time-dependent Rabi Hamiltonian [32] or the Tavis-Cummings model [33, 34] .
In order to make the analysis of the LZMS models more realistic, also decoherence and dissipation induced by the interaction with the environment have been considered. Beyond general treatments of quantum noise in adiabatic or quasi adiabatic evolutions [35] [36] [37] [38] [39] , specific studies on open two-state systems described by LZMS models have been reported [40] [41] [42] [43] [44] [45] [46] . Concerning the multi-state version, there are only few contributions. Ashhab [47] has analyzed a class of multi-level LZMS problem in the presence of quantum noise, mainly focusing on environmentinduced dephasing. Very recently, a three-state LZMS problem in the presence of decays toward external states has been considered [48, 49] .
In this paper we analyze the three-state Majorana model, which can be thought of as the problem of a spin-1 particle in a time-dependent magnetic field whose z-component linearly changes with time, while the xcomponent is static. Our analysis is developed taking into account both contributions inducing dissipation and interaction terms mainly associated with dephasing processes, showing that dissipation is more detrimental than dephasing. The paper is structured as follows. In the next section we introduce the ideal spin-1 Majorana model and its main features. In section III we introduce the interaction with an environment and derive the relevant master equation on the basis of the Davies and Spohn theory. In section IV we evaluate the efficiency for different schemes of system-environment interaction, first focusing on the zero-temperature case and then including the thermal effects. Finally, in section V we give some conclusive remarks.
II. THREE-STATE MAJORANA MODEL
We consider a three-state system with a cascade coupling scheme and two linearly time-dependent bare energies ( = 1):
which is a spin-1 Majorana model: This model can be related to many situations, beyond a spin-1 particle in a non-static magnetic field. For example, it can be easily implemented with artificial atoms [50, 51] .
This Hamiltonian can be diagonalized through the action of the unitary operatorÛ y (θ) = e iθĴy . Since we haveÛ y (θ)Ĥ(t)Û y (−θ) = ω(t)Ĵ z , the eigenvalues of H are −ω(t), 0 and ω(t), while its eigenstates can be obtained as |1, m θ =Û y (−θ) |1, m z , then obtaining, respectively (and simplifying the notation as |m ≡ |1, m ),
It is easy to see that the eigenstate |1 θ approaches |−1 z for t → −∞ (θ → π) and |1 z for t → ∞ (θ → 0). Then it can be used for realizing a population transfer from the first to the third state. Analogously, |−1 θ realizes the transfer from |1 z to |−1 z . In the ideal case and in the adiabatic limit, the population transfer is practically perfect. The third adiabatic state, |0 θ , is a linear combination of the states |0 z , with coefficient cos θ, and (|−1 z − |1 z )/ √ 2, with coefficient sin θ, so that when t goes from −∞ to 0, the angle θ varies from π and π/2, making the adiabatic state varies from
This circumstance paves the way to the possibility of describing the three-state Majorana model as an effective two-state LZMS model, as in Ref. [55] .
III. THE OPEN MAJORANA MODEL
The standard theory of open quantum systems for time-independent Hamiltonians describes transitions between the instantaneous eigenstates of the system Hamiltonian due to the system-environment interaction [52, 53] . This processes are described by the jump operatorŝ X(ν) = − =νΠ XΠ , withΠ the instantaneous eigenprojectors of the Hamiltonian, i.e.,ĤΠ = Π .
When the Hamiltonian is time-dependent, one can analyze the dissipative dynamics according to the Davies and Spohn theory [54] . The relevant master equation describes a dissipative dynamics that connects the instantaneous eigenspaces of the Hamiltonian. Assuming a flat spectrum and
one obtains the following Markovian master equation:
where λ 2 [N (ν, T ) + 1] for positive frequencies and λ 2 N (|ν|, T ) for negative values of ν, with N (ν, T ) = [e ν/(kBT ) − 1] −1 the mean number of bath bosons at frequency ν, being T the bath temperature and k B the Boltzmann constant. Moreover, we havê
It is worth observing in the presence of dissipation, incoherent transitions involving the three adiabatic states |−1 θ , |0 θ and |1 θ are induced and it is not possible anymore to consider an effective two-state model, as can be done in the ideal case.
IV. EFFICIENCY OF THE POPULATION TRANSFER
Let us assumê X = cos φĴ z + sin φ cos ϕĴ x + sin φ sin ϕĴ y ,
and evaluate the efficiency for different values of the system-environment coupling strength λ and of the tow angles φ and ϕ defining the operatorX. We also consider the effects of temperature. The efficiency is always evaluated as the population of the target state in the final state of the system, whose dynamics is obtained through a numerically exact resolution of the relevant Schrödinger equation. We observe that whatever the angles φ and ϕ are, we always have a dissipative dynamics, not a pure dephasing. This is due to the fact that the commutator between X and H is generally non-zero, and can vanish only at specific instants of time. Nevertheless, when |κt| Ω the eigenstates of H are very close to the those ofĴ z , which means that under such condition, ifX ≈Ĵ z , the system mainly undergoes dephasing, and only minor dissipation effects. Of course, in the proximity of t = 0 it happens that H is essentially proportional toĴ x and an operator X ≈Ĵ z mainly induces dissipation. On the contrary, if X ≈Ĵ x , the system mainly undergoes dissipation, while in the proximity of t = 0 it is prominently subjected to dephasing. Zero-Temperature Bath -In Fig. 1 the efficiency of the population transfer from |−1 to |1 as a function of φ and λ, assuming ϕ = 0, therefore spanning linear combinations ofĴ z andĴ x with different weight for such two operators. From Fig. 1a we can see that the system turns out to be a bit more robust against environmental effects in the limitX ≈Ĵ z (φ ≈ 0) than in the opposite caseX ≈Ĵ x (φ ≈ π/2).
In Fig. 1b a smaller value of κ is considered, with a consequent diminishing of the high-efficiency region, due to the exposure of the system to the environmental effects for a longer time. Generally speaking, high values of κ must be considered carefully, because they could imply failure of adiabaticity, but very small values should be avoided as well, to reduce the influence of noise. To better express this concept, in Fig. 2 we have shown the efficiency as a function of λ and κ in the caseX ≈Ĵ z . In a wide range of λ values there is a range of values of κ where the efficiency is close to unity. While the upper limit is more or less the same (say, κ ∼ Ω), the lower bound for a good efficiency turns out to increase with λ. Over a certain value of λ the efficiency is always very low.
It is interesting to consider also the implications of having a system-environment interaction related toĴ y , which never commutes with H(t), neither exactly nor approximately (we could address this case as the purely dissipative one). In this situation, the system undergoes dissipa-tion during the whole experiment duration 2t 0 . We have therefore studied the case whereX = cos φĴ x + sin φĴ y . In Fig 3 it is reported the relevant efficiency. Independence from the parameter φ is evident.
Thermal effects -In Figures 4 and 5 we show the effects of temperature. In Fig. 4 the efficiency of the population transfer as a function of λ for different temperature is considered, whenX =Ĵ z . Higher values of temperature imply smaller values of efficiency. Analogously, in Fig. 5 the efficiency is considered whenX =Ĵ x . It is interesting to observe that, in both cases, for very high temperature the value of the final population approaches a value close to 1/3, which is well understood as a consequence of the occurring thermalization. Different Initial Condition -It is interesting to consider a different initial condition, say |1 z , which means that the adiabatic eigenstate carrying the population is |−1 θ , the instantaneous ground state of the system at every instant of time. On this basis, we can predict that, at zero temperature, the noise, and specifically the dissipation, can help the population transfer by inducing incoherent transitions from the higher levels to the lowest one.
From Figures 6 and 7 it is well visible that at essentially zero temperature (dotted red lines) the efficiency is very high. In the mainly dephasing case corresponding tô X =Ĵ z (Fig. 6 ) the efficiency is also very high, though it admits some small deviations from unity. In the mainly dissipative case corresponding toX =Ĵ x (Fig. 7) the efficiency is essentially one for every values of λ. In spite of having a different initial condition (|1 z instead of |−1 z ), also in these cases (both in mainly dissipative and mainly dephasing situations), for high temperature the asymptotic population approaches a value close to 1/3 as an effect of the thermalization process. 
V. CONCLUSIONS
In this paper we have analyzed the three-state Majorana model in the presence of interaction between the system and its environment. We have considered different cases, regarding the structure of the interaction Hamiltonian, identifying some special configurations which are the so called mainly dephasing case, forX =Ĵ z , the mainly dissipative case, withX =Ĵ x , and the purely dissipative case, corresponding toX =Ĵ y . It is worth observing that, independently from their name, all such regimes are characterized by the presence of dissipation, at some level, and every dissipative dynamics is characterized by a loss of coherence. Our analysis has been developed considering the generic mixed situation where the system-environment interaction involves a linear combination of the three fundamental angular momentum operators.
In the mainly dephasing model (X =Ĵ z ) the system exhibits a higher robustness against quantum noise than in the mainly dissipative case (X =Ĵ x ), as it is well visible from Fig. 1 . On the other hand, the mainly dissipative model and the purely dissipative one (X ≈Ĵ y ) produce essentially the same effects on the efficiency, which is clearly shown by Fig. 3 , where the final population of the target state appears as perfectly independent from the angle ϕ. These assertions refer to a zero-temperature bath, but when the reservoir turns out to be at nonzero temperature, predictions change. In particular, at a very high temperature, in the presence of sufficiently high coupling constant λ, the environment is responsible for a thermalization process that brings the populations of the three adiabatic states of the system to almost the same value. Though one has a population of the target state higher than in the corresponding zero-temperature situation, one cannot see such an increase as a success of the protocol of population transfer, also considering the very low value reached (≈ 1/3).
The detrimental role of the environment can be turned into a positive factor when a different initial condition of the system is taken into account. This is due to the fact that changing the initial condition implies changing the adiabatic state which carries population. If such state is the one with lowest energy then the zero-temperature quantum noise induces transitions toward the population carrier, therefore correcting the errors coming from diabatic transitions.
We conclude by observing the crucial role of the chirping rate κ. In an ideal situation, i.e., in the absence of quantum noise, a very low value of such parameter is preferable, since it allows to guarantee the validity of the adiabatic approximation, making the population transfer very efficienct. Nevertheless, since a lower κ and the need to satisfy the condition κt 0 Ω (to have the population carrier coincide with two bare states) imply a long duration of the experiment and hence a long exposure to the detrimental effects of the environment. Reaching an optimal value is a crucial point for the success of an experiment.
